We classify complete orientable minimal surfaces with finite total curvature -Sn .
To find all the genus zero orientable complete minimal surfaces of total curvature -871 is merely an elementary algebraic problem (see §3).
These facts together with the above Osserman result complete our classification.
Finally, in §5, we prove a modified version of the Osserman-Mo Theorem [7] for complete minimal surfaces.
It is interesting to notice that recently C. Costa [2] has obtained the classification of genus one embedded complete minimal surfaces in R3 of finite total curvature -12tt . All these surfaces lie in a smooth one-parameter family of tori punctured in three points, which correspond to three catenoid ends, except Costa's surface which has two catenoid ends and a planar end. This family was described by Hoffman and Meeks (see [3 and 4] ).
On the other hand, Chen and Gackstatter [ 1 ] constructed an example of a genus two orientable minimal surface punctured in a point with total curvature -I2it.
So, to exhibit the total classification of such surfaces could be an interesting open problem.
The editor sent me two Ph.D. theses by E. L. Barbanel [12] and Y. Fang [13] . The first one develops the classification and study of genus zero complete minimal surfaces of total curvature -871, and the second one includes a partial version of this classification in the genus one case.
Preliminaries
In this section we expose some basic results about orientable complete minimal surfaces of finite total curvature. For more details, see [9, Chapter 9] and [8] .
Let x : M -> R3 be an orientable complete minimal surface of finite total curvature in the Euclidean space R3.
Denote by g, co the meromorphic function and the holomorphic 1 -form determined by the Weierstrass representation of x [9] .
It is well known that, modulo natural identifications, g is the Gauss map of M. Moreover, gco and g2co are holomorphic 1-forms and (1) x = Rej ((px,lp2,cp3) where <t5i = ( 1 -g2)co/2, <p2-i(l + g2)w/2 and ^3 = gco. Osserman proved (see [9] ) that M is conformally equivalent to a compact Riemann surface M punctured in a finite set of points {Px, ... , Pk} : M = M-{Px,...,Pk}.
The points Px, ... , Pk, correspond to the ends of M, and g, co extend meromorphically to M. Then </>,-, z = 1,2,3, have poles of order OrdP; 0,
at Pj , ; = 1, ... , k .
If we put « = Degree(g), y -Genus(Af), Ij + l = maxjOrd^ tp,■■, i = 1, 2, 3}, j = I, ... ,k, Jorge-Meeks formula gives (see [5] ) 51 (2) 2« = 2y-2 + £(/,. + l).
; '=i In the following, we will assume that « = 2, i.e., M has total curvature -8?z.
Using (2) and taking into account that I} > 1, j = 1,..., k, we deduce y < 1 (observe that the case y = 2, k -1, Ix = 1 is impossible).
We describe the distinct possibilities in the following table: Schoen has characterized the catenoid as the unique surface with k = 2 and Ii = I2 = 1 (see [10] ). From (2), the case k -3, y = 1 is impossible.
We will classify all the surfaces which correspond to the other possibilities in the above table.
2. Genus one minimal surfaces of total curvature -87i
Throughout this section, we assume y -1 , « -2 and therefore, k -1, Ix = 3. We write M = M -{P} , where M is a genus one compact Riemann surface and P is the end of M.
It is clear that bg(P) < 1, where bg(P) is the branch number of g at P.
We will discuss separately the case when bg(P) = 0 and bg(P) = 1.
2.1. First case. bg(P) = 0. Consider the following initial value problems of linear differential equations in the complex domain:
where we have fixed in each case the branch of ^(x2 -l)/x such that fx(0), gx(0) < 0 and /2(0) = //,(0), g2(0) = -ig2(0). Lemma 1. The initial value problems (I,), i = 1, 2, have well-defined solutions f, g,, i = 1, 2, on the domain C -{v e R|| v| > 1}.
In fact, the solutions of (I,), i =1,2, are the functions
Moreover, Since (5) f^a)-{a+X)So(^W^2tdtĝ i(a) = (a+l)fo^^dt, we deduce that fx , gx are well defined and holomorphic on C-{y £ R|y > 1}, and /i(0), gï(0) < 0 for a suitable election of the above branch. Analogously, f2, g2 are holomorphic functions on C -{y £ R/y < -1}, and can be chosen such that f2
and integrating by parts
Hence, fx, gx verify (lx). In a similar way, f2, g2 verify (I2). At last, observe that ifi(-a), -igx(-a) satisfy the initial value problem (I2), and by the uniqueness of solutions, ifx(-a) = f2(a), -igx(-a) = g2(a).
Taking into account that gx (a), fx (a) £ R if a £ [-1, 1], and the analyticity of the solutions, (4) holds and the proof is complete. Q.E.D. Remark 1. Note that f, g¡, i = 1,2, are also the solutions of the following initial value problems f^ = W^)Ma (6) 
Remark 2. The functions f , gx are defined and holomorphic on C -{y £ R| y > 1} and have both a simple zero at -1. Analogously, f2, g2 are defined and holomorphic on C -{y £ R|y < -1} and have both a simple zero at 1.
Consider the Riemann sphere C U {oc} , and draw a straight line / from 1 to -1 passing by 00 along the real axis. Then cut and open along /.
The closure Q of the resulting domain has two copies of the line /. Call one of them lx and the other one l2 (see Figure 1 ). We will put ax , a2, the two points corresponding to a £ I, in lx and l2 respectively.
Observe that 001 ^ 002 and li = I2 , -li = -I2 • Figure 1 License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Lemma 2. The functions f, g¡, i = 1, 2, extend continuously to £l-{oox, 002}, satisfying (7) a py fx(a), gx(a) ¿ 0, a ^001, 002,-1, Using now (4), (5) again, it is not hard to prove (7) . On the other hand, (5) yields Taking into account (4) and (7), (8) Remark 5. The fonctions fi , g¡ satisfy (lx), i = 1, 2, on
Proof. Consider the genus one compact Riemann surface
We can construct a "concrete" representation of Afa as a two-sheeted covering of the sphere C U {00}.
Picture two copies of the sphere, and label these two copies sheet I and sheet II. On each sheet, cut along two smooth curves joining -1 to "¿z" and 1 to 00 , in such way that these cuts do not intersect.
Each "cut" has two banks; an N-bank and an S-bank. Joining every S-bank on sheet I to the N-bank of the corresponding "cut" on sheet II, and then joining the corresponding S-bank on sheet II to the N-bank of the corresponding "cut" on sheet I, we have the desired representation of Ma (see Figure 2 ).
Sheet II Figure 2 We can construct a canonical homology basis for Ma drawing simple smooth curves y,■■, i = 1, 2j_yx is given winding once around the "cut" from -1 to "a" in one sheet of Ma , and y2 starting from a point on "cut" from -1 to "a" going on the first sheet to a point on "cut" from 1 to co, and returning on the second sheet (indicated in Figure 3 below by dotted lines) to the original point.
The orientation of yx, y2 is illustrated in Figure 3 . Define now the meromorphic 1-forms: z -a dz, x\ = w dz, w z -a and observe that
Using standard bilinear relations (see [11] ), we conclude the proof. Q.E.D.
Lemma 4. // ¿z, £ /, -{oo,}, í = 1,2, then \f\gilhgi\(ai)¿\.
Proof. Remark 3 involves \f1g2lfigi\(ax) = \f\g2lfig\\(a2). So we need only to prove the lemma for ¿zi £ lx -{00} .
Suppose ¿zi > 1. Remarks 4, 5 and 1 yields
Looking at (8) and (3) (fililfili)(a) ¿I, for each a e z'R -{0}.
Proof. Write i, = Re(fi), s¡ = lm(fi), u¡ = Re(g¡), v¡ = lm(g¡), i =1,2.
Since a £ z'R, it is easy to check from (4) that (11) lßL(a) = 1 ^lm(figx)(a) = 0^(txvx+sxux)(a) = 0.
J2gX
In the following, we put a = iy , y £ R and write simply t¡(y), s¡(y), u¡(y) and v¡(y) instead of t¡(iy), s¡(iy), u¡(iy) and v¡(iy), i = 1, 2 . Also t'¡, t" will mean dt¡/dy, d2ti/dy2 respectively, and the same for s,, u¡ and v¡, i =1,2.
Using Lemma 1 and Remark 1, we deduce that the above functions verify the differential equations Then from (11) , it is sufficient to prove that (txvx + sxux)(y) ^0, for each y > 0.
First, we will show that «lGO, Vi(y), sx(y) <0, My >0, 3y0 > 0 such that tx (y0) = 0, tx (y) < 0 if 0 < y < y0, (14) i,(y) >0ify0 <y <+oo,
If ux vanishes at some point y' > 0, take yx > 0 the first point such that «iCVi) = 0. Since g{(0) <0, (12) and (13) yield
In a similar way, vx(y) < 0, for each y > 0. Suppose S\ vanishes at y' > 0, and take as before yi > 0 the first point such that Si(yi) = 0.
Using that Mi(yi)<0 and (12), we have s[(y\) < 0, which contradicts (13) . We know that vx(y) < 0, y > 0. So, from (12) , if tx(y0) = 0, y0 > 0, then t\(yo) > 0. Since ii(0) < 0 (see (13) ), t\ vanishes at most at one point y0>0.
On the other hand, from (3), "0" -Rcf, í^dx + Re ('X #TT "') and therefore lim ii(y) = +oo, lim -(y) = -l.
y-»+cx> y->+oo t\
It is now easy to deduce that t\ vanishes at only one point y0 > 0. By similar arguments lim -(y) = 1 y->+oo U\
and (14) holds.
To finish the lemma, from (11) and (14) it is sufficient to show £l + ^l)(y)^0, foreachy>0,
and note that from (14), (s\U\ + v\t\)(yo) = (5i^i)(yo) / 0.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Proof. We know that M is conformally equivalent to M -{P}, where M is a compact Riemann surface and P is a point of M. If g is the Gauss map of M, after a rotation in R3, we can suppose that g(P) = oo . Since bg(P) = 0, there exist four points P,, z = 1, 2, 3, 4, in M such that bg(Pj) = 1, z = 1, 2, 3, 4. We call a¡ = g(P¡), i = 1, 2, 3, 4, and observe that ¿z, / a¡, i ± j. Therefore M is conformally equivalent to {(zi, tüi) 6 (C U {oo})2|to2 = (zx -ax)(zx -a2)(zx -af)(zx -¿z4)} where g = zx.
After a suitable change of parameter M = {(z2, w2) £ (Cu{oo})2|w;22 = (z\-l)(z2-cx)(z2-dx)}, g = Axz2+Bx,
where cx, dx, Ax, Bx £ C, cx ^ dx, cx , dx ¿ 1, -1, Ax ¿ 0. _ As z2(P) = g(P) = oo and bg(P) = 0, there exists Q £ M such that z2(Q) = g(Q) = oe . (15) S(z2,w2) = w2 + z22--^--z2+\-LJ2-8 J satisfy:
S(P) = oo, bs(P)=l, S(Q) = 0, Degree(S) = 2.
From (1), (2), the holomorphic 1-form co determined by the Weierstrass representation of x has a pole of order two at P, a zero of order two at Q and no other zeroes and poles.
So, co/S is holomorphic, and then bs(Q) = 1. This fact and (15) yield 
But if a £ z'R, Lemma 5 tells us that (18) holds if and only if a = 0. This completes the proof of the theorem. Q.E.D.
The surface in Theorem 1 was discovered by Chen and Gackstatter, and we label it as a Chen-Gackstatter surface. Moreover, from (5) and (7) k and then In a way similar to that in Lemma 3, a "concrete" representation of Sr is given by cutting and joining two copies of the sphere.
In this case, we can cut each sheet along a smooth curve joining \-Jl + Then, open along /', I2 and Qf is the closure of the resulting domain. In Çlr we have two copies of each line /', I2. We will denote these copies by: I) , I], / = 1,2, respectively, and write (a, ß)\ , (a, ß)'2 the two points corresponding to (a, ß) £ I', z = 1, 2 .
Denote by T,, i = 1, 2, 3 , the following automorphisms of Sr :
Ti(a,ß)
for each (a, ß) £ Sr. and therefore by (7), (4) and (36), (35) holds. To deduce (34), use (4) and (31). It is straightforward that AB = 0. Q.E.D.
Theorem 2. There does not exist any orientable complete genus one minimal surface in R3, of finite total curvature -8tt which Gauss map is singular at its unique end. Proof. Suppose x : M -> R3 is such a surface. As usual, g, co will denote the Weierstrass representation of x. We know M is conformally equivalent to M -{P} , where M is a compact genus one Riemann surface.
Since bg(P) = 1, there exist three points Px, P2, P3, P ^ P¡, i = 1, 2, 3, such that bg(P) = 1.
Denote c, = g(P¡), 1=1,2,3. It is clear that c¡ ^ c¡, i ^ j. Therefore M = {(z, w) £ (C U {oo})>2 = (z-cx)(z -c2)(z -c3)} and g = z , co = A-^dz (see (2) ).
Up to a rigid motion in R3, we will suppose r = cx + c2 + C3 G R. As x is well defined, from (1) and (37):
Since lm(d2/dx) ¿ 0 (see [11] ), (38) yields s = -3, and (38) gets Thus (ao, ßo) £ T, and obviously ao / 0. Since a0 G z'R, j80iR, then ¿z0 G z'R, and using (4), (32) and (42) This fact completes the proof. Q.E.D.
3. Genus zero minimal surfaces of total curvature -87z
In the following, we will suppose y = Genus(Af ) = 0. Looking at Table 1 , we can distinguish three different cases: k = 1, k = 2 and k = 3.
First case, k = 3. Jorge-Meeks formula (2) yields Ix = I2 = I^ = I.
After a suitable change of parameter in Af = Cu{oo}, suppose that l/\/3, -1 /V3 and 00 are the three ends of M, and up to rigid motion in R3, g(oo) = 00, bg(oc) = 0. (46) and (47) satisfying (3d -l)2 i 12a2. Geometrically, !F is the family of genus zero orientable complete minimal surfaces of finite total curvature -87r and three catenoid ends. Here, a catenoid end means an embedded end asymptotic to a catenoid. An embedded end P, is a catenoid end when the Gauss map g is regular at P, (see [5] ).
The Jorge-Meeks surface of degree 3 (the trinoid) is the first interesting example in !?.
3.2. Second case, k = 2. We will suppose M = C -{0}, that this, Px = oo and P2 = 0 are the two ends of M. Moreover, we can assume g(oo) = oc .
By formula (2) again, we have two possibilities: Ix = I2 = 2 or Ix = 1, /2 = 3.
The following theorems are consequences of similar arguments that are given in Theorem 3. Assume that 00 is the unique end of M, and up to rotation in R3, #(00) = 00. As before, the following theorem holds. 
Statement of result
An Osserman classical result (see [9] ) classifies the catenoid and Enneper surface as the unique complete minimal surfaces with total curvature -4n .
Thus, Theorems 1, 2, 3, 4, 5, and 6 imply our main result: Corollary 1. Let M be an orientable complete minimal surface in R3 of finite total curvature greater than -I2n. Then, M is one of the following surfaces: a plane, a catenoid, Enneper surface, a surface described in Theorems 3, 4, 5, 6, or Chen-Gackstatter surface.
A geometric consequence
Finally, we prove the following fact, which is related to Osserman-Mo theorem in [7] . Corollary 2. Let M be a orientable complete minimal surface in R3.
If the Gauss map g takes on five distinct values (without counting multiplicities) at most once, then M is one of the following surfaces: the plane, the catenoid, Enneper surface, a surface in the family ¡F or Chen-Gackstatter surface.
Proof. First, by Osserman-Mo theorem in [7] , M has finite total curvature.
Since M = M -{Px, ... , 7¿} where M is a compact Riemann surface, and g extends meromorphically to M, we can define the total branching number V of g by v=YLbg(P).
P&M
It is well known (see [11] ) that Hence, using (2) and (56), we conclude 7i = 1, a contradiction. In a similar way, if y = 2, then k = 2 and Ix = I2 = I or k = 1 and 7i = 1 . Schoen (see [10] ) characterized first surfaces as catenoids and pairs of planes. So, this case is also impossible.
Suppose now y = 1 .
From (54) and (2), k = 2 and 7i = 72 = 1 or k = 1 and 7i = 3.
As before, the first case gets a contradiction. Taking into account Theorems 1 and 2 and (2), the second case corresponds to Chen-Gackstatter surface.
Finally, y = 0 involves (see (54) and (2)):
